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Necessary and sufficient conditions are established for exact linearization of
nonlinear autonomous second order differential equations, using the nonlinear
transformation of the function and the independent variable, The problem of
the calculus of variation of determining trajectories of a point in a conservative
field, the Lotki—Volterra system which defines dynamics of two interacting
biological populations, dynamic systems with separated variables, and dynamic
systems of the Liouville type are considered as examples of proposed method
applications,

1, Statement of the problem and general results,
Let us consider the autonomous nonlinear second order differential equation

N@ =z"+f@2*+ @2 +¢@) =0 (1.1)

and construct the class of equations of the type (1. 1) which depends on two arbitrary
functions, and whose solutions are expressed in terms of quadratures, The construction
is realized on the premise of the following meaning of exact linearization, Using the
transformation of dependent and independent variables

z—~>X =vl(z)z, dt ->dv =u (2)dt (1.2)
u@E@u@E@)+0, Vicl={|laLt<b}

the sought class of equations of the type (1, 1) is reduced to the preassigned linear
autonomous form

X"+ b0X" +0X +¢c=0, b,by,c=-const, () =d/dt (L.3)

Asthe result of linearization, the investigation of the nonlinear equation of the type
(1.1) in the plane of variables (x, {) reduces to the analysis of the linear equation
(1.3) in the plane (X, T), and the application of inverse transformation of (1. 2).

Linearization by transformation of the unknown function was used in [1], and by
transformation of the independent variable was applied in [2—4]. Individual examples
of [equations of] type (1, 1) were considered in [5—8].

Theorem 1, For reducing Eq, (1.1) to the form (1.3) by transform (1. 2) it
is necessary and sufficient that (1, 1) can be factorized in terms of first order operators
of the form

(D~v7.—r2u—%> (D—%-—rlu)x—{-.cuzv:O, Dz-dd—t (1.4)
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(here the operators are generally noncommutative) or that (1, 1) could be factorized in
the form

WD —uv — )W) — v — )z +cv =0 (1.9)
using commutative operators, In this equation v’ = v*z’, u’ = u*z", and(x) =
d [ dz,r, are roots of the characteristic equation

rP+ b+ by=0 (1.6)

The proof of Theorem 1 is similar to that in [9, 10] of the corresponding theorem
for linear nonautonomous differential equations using the method of differential operat-
or factorization,

The necessity, Letthe application of (1.2) to (1,1) yield formula (1.3)
which we write in the form
De—r)De — )X +¢=0, De=d/dn (L,
Multiplying the left-hand side of (1,7) by - u®v, using transform (1, 2), and applying to
the obtained expression the operator identity
(™D — rp)ut ot = gL,

Ly=D—1—ru—(k—1), k=1,2

we obtain (1, 4),

The sufficiency. Letusapply(l.2) to(l.4) and use the identity

Ly = ufv (Dr — 1), k=1,2

This brings (1.4) to the form
ww (Dy — ry)(Dy — r)X + cu?v = 0

from which follows (1.3), To pass from expansion (1.4) to (1.5} it is necessary to
apply successively the operator identity

u¥L = (WD — (vu)y W — ru?
The commutativity of operators «™'D — (vu)™™v" — rj can be tested directly., To
prove the theorem it remains only to point out that condition (1.5), as well as (1.4),
is not only necessary but also sufficient,

The above theorem indicates the analogy between the linearizable nonlinear auto-
nomous equations of type (1, 1) and the algebraic equations (1. 6), Previously (9, 10]
the method of factorization resulted in the establishment of analogy also for linearnon-
autonomous differential equations that are reducible to equations with constant coeffici-
ents,

Lemma 1. If(L 1) can be linearized by (1,2), the following expansion holds;
EN (r) = Ex" — Fz2? 4 G2 + H (1.8)
v#<ar, E=1—vWw*z, F = Quiv* + uu*)E + v w**

G = bjuE, H = b’z + cvu?
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To prove this it is sufficient to multiply out the differential operators in formuls (1. 4)

Lemma 2, The general solution of the nonlinear autonomous second  order
equation

v*F - 2u*? - (2270 — utu* — f* -2t (W 4 fly =0 (1. 9)

f=7(), v#Fax+b

is of the form ( o and § are arbitrary constants)

vix) = x{a + {35 u exp (5 fdx) dxl_l (1.10)

Proof, Thesubstitution v = V! reduces Eq. (1.9) to the linear nonautono-
mous form

o (et

xz u

1wk

+1)V =0 (1.11)

"
which admits the factorization

u¥® i

Hence the general solution of (1, 11) is of the form
V = %[a*{" ﬁfuexp(yfdx)dx]

where o and P are arbitrary constants, and consequently  (z) satisfies the relation
(1. 10).

Theorem 2, For Eq. (1.1) to be linearized by transformation (1,2) it is
necessary and sufficient that it is representable in one of the following forms;

&+ frt 4 bz + A, (g, 2) =0 (1.12)
A, z) = pexp (— S}‘dr) [bo S @ exp (S fdx) dx - —g—]
" — (Ex—zj—z;—; + %*—) 24 bpr + A (g, ) = 0 (1.13)

A, (g, ) = @ (ax + BYbt [bex + ¢ (ax + b)]
Equations (1, 12) and (1, 13) are reduced to (1,3), respectively, by the transform
X, (2) = B [ g exp ({fdz)dz, dv = ¢ (2)dt
Xy @ =z/(ax +b), b+£0, dv =g (z)dt
Proof, we write (1.9) in the form
[Qui* 4 ulu*)(1 — vw*z) + avv**] [ (1 — v v*a) = f

Setting in formula (1,10) o = 0 and ¢ = u (z) and substituting the expression
for X, in(1.8), we obtain (1.2), Equation (1,13) is obtained by the substitution
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into (1, 8) of the expression
v=uax 4+ b, b0 (1L.14)
Corollary 1. The general solution of Egs. (1.12) and (1,13) can be

represented in the parametric form

ri==ra==0, X;==Ciexp(rv) -+ Coexp(rat) — c/by (1. 1%)

ry=re:== —by /20, X;=exp(—b1/2)(Cyt -+ Ca)—c /by

rg=0, re=k0, X;=C;+ Coexp(—bt)—ch i1

ry ==Tg = (), Xi = C]_ ‘—} CQT o —,;"TZ

by =0, by >0, Xi:Asiu(]/b‘o.'c+B)~—c/bo
by =0, bo<0, X;=Ash(V —bot+ B)—c/by

; dr
1,2 - S _
' T (M)
where C,, C,, A, and B are arbitrary constants,
Note that the general solution of Egs, (1, 12) and (1, 13) obtained by the elimina-

tion of parameter v from Egs, (1.15) are nonlinear functions of two arbitrary constants,

Corollary 2, If ¢ =10, Egs. (1.12) and (1. 13) have one-parameter
solutions (& = 1, 2)

ryt - Cz(:nlffi, Iy = S%x Az) = Sfdx (1.16)
. * d
e O e E 0

where C§ is an arbitrary constant which for i = {, 2 satisfies the respective first

order equations

z' — ry exp (-—~ {/dx}jcpexp (ffdx)dxzo (1.18)

o

z —rbz{az +b)g =0 (1.19)
where 7x are simple characteristic roots of (1.6), and when (1. 6) has multiple roots,
they are solutions of the form

b dt (i) .

—”_21't+(k_1)s_.€_{‘t‘}‘+ckl::l‘t Z=1,2 (1.20)

where T (£} is the inversion of the integral for ¢ in (1, 15).

Proof, Equations(l,12) and (1,13) are equivalent to factorization of (1., 15)
with ¢ = 0 to which for r, = r, corresponds the system of first order equations
(A —vl*)g —rue =0, k=1,2
From this, when w == ¢ , on the strength of (1, 10) or (1, 14) we obtain, respectiv-
ely, Egs. (1.18) and (1.19) Letnow ry = r, = —b; /2. Then the relations

exp (— by /2) 151 = X; (z)y 7= 'fq)(x)dt, k=12 (1.21)
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are valid, and from them follow formulas (1, 20),
To illustrate this we consider two examples,
Example 1, Letus consider the equation
2"+ 3z + 23=0 (1.22)
which occurs in investigations of univalued functions defined by second order differen-
tial equations (11}, This equation belongs to the class (1. 12), where
f(‘t)=01q>(x)=z1b1=3?c=075=2, and b0=2
and admits the factorization
D —rg)DHz'/z—rz)z=2(z"" -+ 322" + 29)

obtained from (1.8) for v = z! and u =2 (r;and r, arerootsof the characteris-

tic equation 2 4+ 3r 4+ 2 =0)., Let r = —2 and r, = —1. Then the one-para-
meter solutions of Eq. (1.22) by virtue of (1, 16) are of the form
z=4/(t+¢c), z=2/(@+ 0 (1.23)

Note that solution (1, 23) does not appear in [11].
The substitution 22 = X, dv = zdt reduces Eq. (1.22) to the linear form X" -+ 3X’
+ 2X = 0 from which on the strength of (1, 15) we have

£ = [Crexp(— 20 + Gexp (— I, 1=\ T (1.24)

where €, and C, are arbitrary constants,
If Co=£0
z= £ exp (—)(C;+ Coexp )t t= 420,71 (C; + Crexp i)/t — k

where k is an arbitrary constant, Eliminating parameter © and using the notation
2k = b and & — 4C,/ C,®2 = ¢, we obtain a two-parameter set of solutions z =
2+ 0/ (2 + b+ ). U ;=0 (1.24) yields formula (1, 23),

Example 2, We consider one-dimensional motion of a particle along the
axis, Let M be the mass of the central body and m the mass of a particle.  The
equation of one-dimensional unperturbed motion of the particle and the energy integ-
ral are of the form

22/ 22+ hlx=0, hy=4%/z—z2/2 (1.25)

where hy is the Keplerian energy k2= G (M 4+ m) and G the gravitational constant,
Equation (1, 25) has a singularity at z = 0. It is reduced by the transformation z =

V zy, dt = z~'dt to the form of the linear harmonic oscillator y” + hyy / 2 = 0.
Thus the method of exact linearization makes possible the regularization of differen-
tial equations. A more cumbersome method was used in [12] for linearization,

Corollary 3, General solutions of Eqs. (1.12) and (1.13) for (b; = 0)are
represented, respectively, by the following two relations between ¢ and Z:

=+ B _{ exp [A (z)] dz A (1.26)
- Vl bo | 5 [Al¢(c/bo—’r-Xl(""))zll/2 T4
b dz
t =4 —2— A
— Vibel S @ (az + b2 [ A, F (c ] by + X, (2))3]'/ T4
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where A; and A, are arbitrary constants and the signs plus and minus in the radi-
cands correspond, respectively, to b, > 0 and by < 0.

Proof, Solutions(l,26) of Egs, (1.12) and (1, 13) aie obtained by eliminating
parameter T from the last three of formulas (1, 15),

Theorem 3, 1) The kernel u (z (t)) and multiplier v (z (#)) of transform
(1. 2) which linearizes Eq, (1, 12) satisfy the respective equations
u” + E(D)u'? 4 buun’ + O* A (w, D) =0
v F (F)v'2 + bﬁp (FYv" -+ F* 1A (o (FY, FY =0
E(y) = y* Wy 4+ f () v
where in the first equation ( ) = d/du, x = O (u) is a function inverse of u =
¢ (), and in the second (*) = d/ dv and z = F (v) represents the inversion
of the expression

v(z) == x“ﬁ\n ¢ exp (ffdx)d;ci}:l

2) The kemel u (z (¢)) and multiplier v (x (¢)) of transform (1, 2) which linear-
izes Eq, (1. 13) satisfy the respective equations
. - 2aD* i . . - ]
u” 4 (CD* Ip*x —cl‘?l_lf — —“—) - b 4+ ©F A (u, D) =
2

v (T

)v -+ v’ —f-mh(cp, b)) =0

Proof, Partl isproved by substituting z = @ (u) and z = F (v) into Eq.
(1.12), and 2)is proved by substituting 7 = ® (u) and £ = (v — b) / ¢ into
Eq. (1.13).

The following theorem whose proof is obtained by direct substitution shows that the
term containing the square of derivative can always be eliminated from Egs., (1.12)
and (1,13).

Theorem 4, The transfolms

z=s(y), s*=exp (—- X}‘(s)ds)
*=(as+ by o(s), (*)=d/dy
reduce Egs, (1.12) and (1, 13) to respective equations of the Liénard type,

Y+ b9 (s)y +q>(s)( +b05cp(s)dy) -0
Vb)Y + 0 6) (g + ) = O

2, Linearization of certain classes of dynamic
systemas, Letus consider the following classes.
1°, The class of equations

z = Q¥ TIe? 4 b’ + ¢ (bz + ¢/ B) =0
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that can be linearized by transformation of the independent variable. The respective
transform is of the form X = Pz, dv = @dt.

2°. The classes of dynamic systems of the type (1. 1) equivalent to (1,12) in
which functions f(2) and ¥ (2), or ¢ () and ¢ (z) are taken, respectively, as
the independent variable.

Let f(x) and () be arbitrary functions, The corresponding class of dynamic
systems is defined by the equation
T 524 QA bgp =0, by 0 (2.1
Q = exp (A ()[2 }p exp (21 (2)) da] ™
linearized by the transform
X = [2\ exp (24 (2)) dz]"2, dr = Qdy (2.2
where A (z) is defined in (1,17).
One more class of dynamic systems with arbitrary f(z) and ¢ (2) is defined by
the equation
2"+ f2'? + by exp (Vfdz) 27 4 cplp = 0 (2.3)

which can be linearized by the transform
X = ggwexp(g jdz)d:c, dt == exp (S fdz) dt

Finally, the class of dynamic systems with arbitrary @ (z) and ¥ (2) is defined
by the equation

@ Ppx gF

= 4 (b — N o) £ b b =0

which can be linearized by the transform

X =exp <b.,S*gi dx} y dT = @ dt

¥
3°. An important class of dynamic systems is defined by the equation of the form
:8“ + fx-z i a2\p = { (2. 4)
which be transform (2, 2) is reduced to the linear equation
X"+ X =0 (2.9)
By corollaries 3 and 1 (see Sect, 1) Eq. (2.4) has the first integrals
x'ﬁ=a‘2(C-T-'-2S\pexp(ZSfdz)dz)exp(—ZSidz) (2.6)
and in addition admits the one-parameter solutions
\ =t VFRt+C (2.7

where € is an arbitrary constant and Q is defined by formula (2, 1),

Example 3 [13]. Let us determine the first integrals and one-parameter sets
of solutions of equation
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.. 1 g nx*—1
A e T—z) *° T g =0 (2.8)
In conformity with (2. 6) and (2.7) the fist integrals and one-parameter solutions
of Eq, (2,8) are of the form
dx

Hence Eq. (2.8) has periodic solutions of the form
z=sin(t + C), z = cos (¢t 4 C)
4°. A particular case of Eq, (2.4) is provided by the problem of variational calcul-

us on the determination of trajectories of a point moving in a conservative field, for
which Euler's equation reduces to the form

Yy Wy =20
5°, Linearization is also possible in special cases of dynamic systems of the form

1'2:1_1;2,,:,0(3;—2&1)1/71’ S =:tvjt+0

z= P (x5, 73), 2 = 0Q (21, @)
which by the elimination of variables are reduced to equations of the form (1. 12) and
(1.13) or to Egs. (2.1)—(2.3) that are equivalent to (i, 12), To eliminate variables
(separate motions) in nonlinear systems we use the method of resultant of differential
polynomials,
For example, the Lotki— Volterra system [14]
;" = ox; + Pirizig, o, By =const, i=1, 2, i4 1 =0 (mod 2)
which defines the dynamics of two interacting biological populations reduces to the

system of second order equations
i — a7l — (it By o oy (Rt Pigr) =0, i=1, 2 (2.9)

which belong to class (1, 12).
For the derivation of (2, 9) we consider the auxilliary system

.’L‘i+1' - (ai-H + ﬁi+1xi) Iip = 0
ﬁixizl'+1 + xix; — .,‘!,‘i. = ()
ﬁil'il-ﬂ_l -+ ﬁi‘l‘i.li+1 _4:4 al“ri‘ - xi” — 0

from which follows formula (2, 9) for the resultant,
6°. A particular class of dynamic systems that are solvable in quadratures is re-
presented by systems with separated variables for which the kinetic and potential energ-

ies are defined by .
n 7i
1
T= Z 2 (9 ¢;®, U=— Z d; (1;)
=1 =1

==

where ¢; are generalized coordinates,
The Lagrange equations of such systems reduce to equations with separated variabl-

es of the form
W, Lo _ d
q;" - 3 a qi=+—;d1*=0, i=1,...,n (&= a7, (2. 10)

1
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which by transform
Q;=V28;, dv=dx2ad)

is reduced to the system of linear equations Q;" -+ Q; == 0, () = 4/ dv, that are of
the form (2,5), Using formula (2. 6) we obtain for the first integrals the following
dependence of ¢; on

dt = '__*'ait/’ (Ci — Zdi)_v’ d‘?i
3, Linearization of Liouville systems. Let usconsider

the Liouville systems [15, 16] for which the kinetic and potential energies are, respect-
ively, of the form

- _ O di(g) 3
= b Y m@dE U= =Y, Ggm b@= )k

o] =1

Taking into account the energy integral T — U = h we obtain on the strength of
Lagrange equations the system of differential equations

. . 1 4 _, db o -y 4
qi +(2 giatl dq +bl )91 ___b?al

If the coefficients at ¢'; in Eqs, (3.1) are assumed to be functmns of £, itis poss-
ible to consider the left=hand of each of Egs. (3. 1) as the sum of two expressions, of
which ¢;"" + (Yag:'a;"da; | dg; + b™'db / dt) is linear and autonomous, and
b%a;7'd (hb; — d;) / dg; nonlinear,
We apply to (3,1) the method proposed in [17] for reduction to autonomous form,
Using transform

7 (b —di) =0 @&.h

dv; = b7 (q) ai " (¢:) de (3.2)
we reduce system (3. 1) to the system of equations
d?q, / dv® — d (hby; — d;) [ dg; = 0 (3.3)

which belongs to class (2,4), and transform
= VE@b —d), dv=— oV 20— d) ds

reduce it to the linear system
Q" — @ =0, (h)=4dlds
By virtue of (2, 6) solutions of (3.3) are defined by formulas
dry = +[2 (¢; + hb; — di)17edg; 3.4)
From (3, 2) and (3.4) we also obtain the known system of first integrals
n
—;—bzaiq{z == hb,;——di%—ci, i= '1, [ (N ZC,’_ =0
i=1
and the known relations

Val dqy — V‘T daq,,

Vet hb—dy Y Zlept hby—dy)
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In concluding we point out that the method of exact linearization can be extended to
scalar and vector nonlinear differential equations of the second and higher orders, both
autonomous and nonautonomous,

The author thanks V. VvV, Rumiantsev at whose seminar the basic results of this

work were presented and, also, G. N. Duboshin for drawing the author's attention to

paper [8].
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